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1 Graph states

Entanglement plays an important role in quantum science and technology, and is also one of the central
points which make quantum world remarkably different from classical one. Since the dimension of state space
grows exponentially with the number of constituents in a quantum system, it is useful to describe the state
of a quantum system with a small number of parameters, while retaining the essential features of the system
at the same time [1]. People use graph states as key instrumental tools in quantum information theory,
which can be described by mathematical graphs, to grasp the structure of multi-partite entanglement.

1.1 Basic definitions for graph states [1]

Graph states are quantum states of a system embodying several constituents, associated with a graph such
that each qubit of a multipartite system is associated with a point (vertex), while a bipartite entanglement
between two specific qubits is represented by a connection (edge) between these points [2]. In this note, we
only consider simple graphs, which are undirected, finite, and contain neither loops nor multiple edges

G = (V,E), (1)

where V = {1, . . . , N} and E ⊂ [V ]2. Vertices a, b ∈ V that are connected by an edge e ∈ E are referred to
as being adjacent. So we can also use an N ×N adjacent matrix Γ to represent a graph with N vertices

Γab =

{
1, if {a, b} ∈ E,
0, otherwise. (2)

Here we have assumed the interactions for all the edges are the same, i.e. an equally weighed graph.
We can also define the neighborhood of a vertex a as

Na = {b ∈ V | {a, b} ∈ E}. (3)

When a single vertex a is deleted from a graph G, together with all edges incident with a, we can obtain a
new graph denoted by G\a. When a subset U ⊂ V is deleted, we denote a new graph G\U .

In our case, for each vertex, or qubit, it is a two-level quantum system with |0⟩ and |1⟩ being the basis,
which are eigenkets of Pauli matrix σz with eigenvalues +1 and −1 separately. So the state vector can be
written as |ψ⟩a = α |0⟩a + β |1⟩a ∈ C2, where the upper index a specifies the vertex a. For operations on
one single qubit a, we can use identical matrix 1a, three Pauli matrices σa

x, σa
y , σa

z , and ±1, ±i to generate
a Pauli group on one qubit

Pa
1 =

⟨
{±1,±i} × {1a, σa

x, σ
a
y , σ

a
z}

⟩
. (4)

The Pauli group on n qubits, PV
n =

⊗
a∈V Pa

1 , can be generated by the group above applied to each of the
n qubits in the tensor product Hilbert space (C2)⊗n.

We can also define the projectors onto eigenkets of Pauli operators with eigenvalues ±1. For example for
σa
z , we have

P a
z,± =

1± σa
z

2
, (5)

and similar for σa
x and σa

y .

1



Generation of photonic repeater graph states - part I 2

So the graph states can be expressed as a tensor product of single-qubit states or states of subsets. For
the graph states we are interested in and going to discuss in this note, each vertex is initially in the eigenstate
of σx with eigenvalue +1, |+⟩ = 1√

2
(|0⟩+ |1⟩), so that we can denote it as

|+⟩V =
⊗
a∈V

|+⟩a . (6)

The interactions in a graph state are realized by applying a controlled-phase gate CZ, which is two-qubit
gate defined by

CZ |i⟩ |j⟩ = (−1)ij |i⟩ |j⟩ . (7)
For example, if we apply CZ gate to two nodes in |+⟩, then we can get the maximally entangled state

CZ |+⟩ |+⟩ = 1√
2
CZ(|0⟩+ |1⟩) |+⟩ = 1√

2
(|0⟩ |+⟩+ |1⟩ |−⟩) = 1√

2
(|+⟩ |0⟩+ |−⟩ |1⟩). (8)

Physically, the interaction can be realized by Ising-type next-neighbour interaction in a lattice, as pro-
posed by Robert Raussendorf and Hans J. Briegel in the famous paper "A one-way quantum computer" [3] [4].
The interaction Hamiltonian can be written as

Hint = g(t)
∑
⟨a,b⟩

1 + σa
z

2

1 + σb
z

2
∼= −1

4
g(t)

∑
⟨a,b⟩

σa
zσ

b
z. (9)

Generally, actually, any interaction pattern in which the qubits interact according to some two-particle
unitaries chosen from a set of commuting interactions, is up to local z-rotations an Ising-type interaction
pattern

U I
ab(ϕab) = e−iϕabσ

a
zσ

b
z . (10)

A proof can be found in [1].
To present a graph state, the most direct way is to associate the state to a graph, whose nodes represent

qubits and edges represent entanglement. An alternative way is to use stabilizer formalism [5], which
is widely used in quantum information theory. A graph state can be uniquely defined in terms of their
stabilizer. From [1], we have the following proposition:

Proposition: Let G = (V,E) be a graph. A graph state vector |G⟩ is the unique, common eigenvector in
(C2)V to the set of independent commuting observables

Ka = σa
xσ

Na
z = σa

x

∏
b∈Na

σb
z, (11)

where the eigenvalues to the correlation operators Ka are +1 for all a ∈ V . The Abelian subgroup S of the
local Pauli group PV

n generated by the set {Ka | a ∈ V } is called the stabilizer of the graph state. A proof
can be also found in [1].

Figure 1 is an example of a graph state with 5 vertices.

1.2 Several typical graph states

There are several graph states that are commonly used and important in quantum information theory.
In this note, we will mention three of them: Greenberger-Horne-Zeilinger (GHZ) state, cluster state, and
repeater graph state (RGS).

1.2.1 Greenberger-Horne-Zeilinger (GHZ) state

Greenberger-Horne-Zeilinger (GHZ) state is a certain type of entangled state with at least three particles.
For a system with dimension d, whose single-particle Hilbert space H ∈ Cd, the total Hilbert space of n
particles is H ∈ (Cd)⊗n. So the d dimensional GHZ state reads [6]

|GHZ⟩ = 1√
d

d−1∑
i=0

|i⟩ ⊗ · · · ⊗ |i⟩ = 1√
d
(|0⟩ ⊗ · · · ⊗ |0⟩+ · · ·+ |d− 1⟩ ⊗ · · · ⊗ |d− 1⟩). (12)
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(a) (b)

Figure 1: A ring graph state with 5 vertices. (a) Every vertex (qubit) is prepared in state |+⟩, and all the
interactions are realized by CZ gates initially. (b) Stabilizer of a graph state.

If our particles are qubits, which means d = 2, then the GHZ state with n qubits that we are interested here
reads

|GHZ⟩ = 1√
2
(|0⟩⊗n

+ |1⟩⊗n
). (13)

It is also easy to see that the 2-qubits version of GHZ state is just one of the Bell states

|B00⟩ =
1√
2
(|00⟩+ |11⟩). (14)

GHZ states are sometimes also called multi-party entangled ’Schrödinger cat’ states. These states are
special examples of states that are maximally violated multi-partite Bell inequalities [10]. The graph repre-
sentation of GHZ state is shown below. We will see how to generate a GHZ state using a quantum emitter
with a special level-structure later.

(a) (b)

Figure 2: GHZ state is LU-equivalent to the graph state corresponding to (a) a star graph or (b) a completed
graph [1].

1.2.2 Cluster state

Another special entangled many-qubit quantum state is cluster state, which is of great interest in
measurement-based quantum computation [3] [7] [8] [9]. A 1-d and 2-d cluster state are shown in Figure 3.
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(a) (b)

Figure 3: Cluster state of (a) one dimension and (b) two dimension.

In quantum computation, the most widely used model at present is the so-called quantum circuit model, or
gate array model, which is a generalization of classical circuit model based on Boolean logical operations [8].
A review of quantum circuit model can be found in Appendices A. In 2001, an alternative model for quantum
computation was proposed, which is measurement-based. In the formalism of measurement based quantum
computation, we start with a given fixed entangled state of many qubits in designated basis, usually being the
two eigenstates of σz. Then the choice of basis for later measurements may depend on earlier measurement
outcomes, and the final result of the computation is determined from the classical data of all the measurement
outcomes [9].

Measurement based model is completely different from the quantum circuit model, in the sense that in
circuit model, computational steps are unitary operations which develop a large entangled state, and we
only do final measurements for the output. There are two principal schemes of measurement based quantum
computation: cluster state model, or the one-way quantum computer (1WQC), and teleportation quantum
computation (TQC) [9]. Since the main topic in this note is the generation of these entangled graph states,
we transfer detailed description of circuit model and measurement based quantum computation, and how
the measurement based model can be mapped into popular circuit model to Appendices A, B and C.

1.2.3 Repeater graph state (RGS)

In [11], K. Azuma et.al. showed that we can use a special type of graph state called repeater graph state
(RGS), to realized all-photonic quantum repeaters, which require substantially fewer resources compared to
atomic-memory-based repeaters.

A RGS consist of a completely connected graph of core qubits, with each of them featuring a connection
to an additional arm qubit. So for a RGS with 2N qubits, there are N qubits being the core and the other
N qubits being the arms. The graph representation of N = 4 and N = 6 RGS is shown in Figure 4 [12].

The standard paradigm for a quantum repeater is based on atomic quantum memories located at pri-
mary nodes, each entangled with a single photon that is in turn sent to a secondary, intermediate node.
Two photons arriving at a secondary node undergo a Bell measurement which transforms the qubit-photon
entanglement into long-distance two-qubit entanglement [12] [13] [14].

The problems and difficulties for this atomic-memory-based quantum repeaters include [12]

• the necessity for long coherence times of the atomic memory beyond what is currently feasible;

• the inherent vulnerability of these schemes to photon loss.

Alternatively, according to the all-photonic quantum repeater proposal using RGS [11], one such RGS is
generated at each primary node of the repeater network, and entanglement swapping between primary nodes
is performed by sending half of the N photon arms to an adjacent secondary node, where they encounter
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(a) (b)

Figure 4: Repeater graph state with (a) N = 4 and (b) N = 6.

an additional N/2 photons sent out from the RGS at the next primary node. Then Bell measurements are
performed on pairs of photons from different primary nodes. Since we do N/2 Bell measurements rather
than on in atomic-memory-based scheme, the likelihood of successful entanglement swapping increases with
N [12], although the entanglement swapping is still not deterministic (?).

The advantages of this scheme over atomic-memory-based way include that the all-photonic way [12]

• avoids coherence time limitations;

• is resilient against photon loss;

• eliminates long-distance heralding.

So this method attracts much attention for realizing long-distance quantum communication. The generation
of RGS will be discussed later.

1.3 Some useful operations

As a preparation for the discussion of generation of graph states in next section, we firstly introduce two
useful operations, which will also be used later for the generation proposals: the z-measurement and local
complementation (LC).

1.3.1 Z-measurement

As illustrated by its name, a z-measurement means a single-qubit measurement under σz basis. It is a
useful operation on a graph state to disconnect one single vertex (qubit) from the graph.

In measurement-based quantum computation, as shown in Appendices B and C, the realization of a
CZ gate requires a 2-d cluster state, while a single-qubit gate only needs 1-d cluster state. So if we have
prepared a large 2-d grid by using, for example, the Ising-type interactions in a lattice, then in the realization
of universal quantum computation, there must exist some extraneous vertices that will not be used in the
measurement pattern [9]. Z-measurements are used to delete such vertices.

For example, if we have a cluster state as shown below, and we only want a linear 1-d cluster state |123⟩,
then we can perform a z-measurement, i.e. a ZA gate, on A.

In the preparation procedure, we firstly have all the four qubits in |+⟩, and then apply CZ gates,
CZ1,2, CZ2,3, CZA,2. Since CZ1,2 and CZ2,3 both commute with ZA, we can change our sequence to CZA,2 →
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Figure 5: Z-measurement can be performed on A to delete it from graph.

ZA → CZ1,2 → CZ2,3, starting from four qubits all in |+⟩. So the change of the graph state is

|G⟩ = |+⟩1 |+⟩2 |+⟩A |+⟩3
CZA,2−−−−→|+⟩1 (|0⟩2 |+⟩A + |1⟩2 |−⟩A) |+⟩3

ZA−−→|+⟩1 |(−1)kA⟩2 |+⟩3 ,

(15)

where kA is the outcome of z-measurement on A, if kA = 0, |G⟩ = |+⟩1 |+⟩2 |+⟩3, if kA = 1, |G⟩ =
|+⟩1 |−⟩2 |+⟩3, and after measurement, qubit A is detached from the graph. Compared with the case with
no qubit A all the time, where we start from |G⟩ = |+⟩1 |+⟩2 |+⟩3, and then apply CZ1,2 and CZ2,3, the
state of qubit 2, |+⟩, is replaced by |(−1)kA⟩. If we consider a single step in measurement-based quantum
computation, according to Appendices C, where we start with 2-qubit state |ψ⟩1 |+⟩2, and do the following
steps

• apply CZ gate to qubit 1, 2;

• measure qubit 1 under basis {|0⟩ ± eiθ |1⟩}, i.e. apply M(θ) to qubit 1, then we will have qubit
2 in state Xs1W (−θ) |ψ⟩, where X is single-qubit X gate, s1 is the measurement result of M(θ),

W (θ) = 1√
2

(
1 eiθ

1 −eiθ
)

.

In order to better understand this procedure, we can choose θ = 0 as an example. We start from two-qubit
state |G⟩ = |ψ⟩1 |+⟩2, where |ψ⟩1 = α |+⟩1 + β |−⟩1. Then we have

|G⟩ = |ψ⟩1 |+⟩2
CZ1,2−−−−→αCZ1,2 |+⟩1 |+⟩2 + βCZ1,2 |−⟩1 |+⟩2

= α(|+⟩1 |0⟩2 + |−⟩1 |1⟩2) + β(|−⟩1 |0⟩2 + |+⟩1 |1⟩2)
= |+⟩1 (α |0⟩+ β |1⟩)2 + |−⟩1 (α |1⟩+ β |0⟩)2

M(0)1−−−−→
{

(α |0⟩+ β |1⟩)2 = H2 |ψ⟩2 , if s1 = 0,
(α |1⟩+ β |0⟩)2 = X2H2 |ψ⟩2 , if s1 = 1.

= Xs1
2 W (0)2 |ψ⟩2 .

(16)

Now, if we start from two-qubit state |G⟩ = |ψ⟩1 |−⟩2 instead, then following the same procedure, we
have

|G⟩ = |ψ⟩1 |−⟩2
CZ1,2−−−−→αCZ1,2 |+⟩1 |−⟩2 + βCZ1,2 |−⟩1 |−⟩2

= α(|+⟩1 |0⟩2 − |−⟩1 |1⟩2) + β(|−⟩1 |0⟩2 − |+⟩1 |1⟩2)
= |+⟩1 (α |0⟩ − β |1⟩)2 − |−⟩1 (α |1⟩ − β |0⟩)2

M(0)1−−−−→
{

(α |0⟩ − β |1⟩)2 = H2Z2 |ψ⟩2 , if s1 = 0,
(α |1⟩ − β |0⟩)2 = X2H2Z2 |ψ⟩2 , if s1 = 1.

= Xs1
2 W (0)2Z2 |ψ⟩2 .

(17)
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However, if we apply a Z2 gate to qubit 2 before CZ1,2 gate, since Z2 |−⟩2 = |+⟩2, everything will be
the same! So we can equivalently change our procedure to Zs1

2 → CZ1,2 → M(θ)1. This applies to each
neighbour of A if there is more than one [9]. In conclusion, a ZA measurement with outcome kA only adds
an extra Pauli correction ZkA to all neighbouring vertices of A in addition to ususal Pauli operations needed
arising from measurement patterns with A absent from the start.

Generally, not just in measurement-based quantum computation, a z-measurement on a qubit in a graph
state will detach this vertex from the graph. What changes here is just doing some Pauli corrections to the
neighbouring vertices of the measured vertex. We will use z-measurement frequently later in the generation
of RGS.

1.3.2 Local complementation

A local complementation (LC) can be described as follows [1]. Suppose we have a graph G = (V,E) with
vertex a ∈ V , if we apply the local complementation on vertex a, the resulting graph, denoted as τa(G) can
be obtained by complementing the subgraph of G induced by the neighbourhood Na of a and leaving the
rest of the graph unchanged. The resulting graph state |τa(G)⟩ is called LC-equivalent to the original graph
state |G⟩, and can be obtained mathematically by applying a local Clifford unitary operation Uτ

a (G) to |G⟩
(?)

|τa(G)⟩ = Uτ
a (G) |G⟩ , where Uτ

a (G) = e−iπ
4 σa

xei
π
4 σNa

z . (18)

Furthermore, two graph states are LC-equivalent if they are related by a sequence of local complementation.
An intuitive example is shown in Figure 6 [1]. For No.1→No.2, we apply local complementation to

qubit 3. The neighbours of qubit 3 are qubit 2 and 4, which are not connected initially. So to completely
connect the neighbours of qubit 3, we just need to connect qubit 2 and 4. For No.2→No.3, we apply local
complementation to qubit 2, whose neighbours are qubit 1, 3, and 4. So we need to completely connect 1,
3, and 4. However, qubit 3 and 4 are already connected, so a double connection will cancel this edge, which
result in No.3. The rest LCs will all follow this rule.

Figure 6: A successive local complementation operations are applied to graph No.1. All the graphs are
LC-equivalent.
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Another important application of LC is that for two vertices a, b in a graph, one of which, say a, only has
a single neighbour which is exactly the other, b, then if we apply Hadamard gates to both, and b first, i.e.
HaHb, then the resulting graph will be the same as that obtained by applying LC to b and then a [12] [15].
The result will be the same as a graph obtained by swapping vertice a, b, which is a very useful property
for generation of RGS. This can be easily seen. When we apply LC to vertex b, a and other neighbours of
b will be completely connected, while for those who have been connected, the connections will be canceled.
Now all the neighbours of b and b itself will be the new neighbours of a. So when we apply LC to a, the
original neighbours of b will experience a LC again, which means their relations will recover and then same
as the case before our first LC. However, since b is also one of the neighbour of a, so all the connections
between b and its initial neighbours will be canceled, leaving b with only one neighbour which is a, while a
is connected to all the initial neighbours of b. So the effect is equivalent to swapping the roles of a and b.
For example, if we apply Hadamard gates to A and 2 in the graph state shown below, H2HA, then the effect
will be swapping the roles of A and 2.

Figure 7: The effect of two Hadamard gates is to swap corresponding qubits.

Mathematically, we can simply verify this for this simple example

|G⟩ = |+⟩1 |+⟩2 |+⟩A |+⟩3
CZ1,2−−−−→(|0⟩1 |+⟩2 + |1⟩1 |−⟩2) |+⟩A |+⟩3 = |0⟩1 |+⟩2 |+⟩A |+⟩3 + |1⟩1 |−⟩2 |+⟩A |+⟩3
CZ2,3−−−−→|0⟩1 |+⟩2 |+⟩A |0⟩3 + |0⟩1 |−⟩2 |+⟩A |1⟩3 + |1⟩1 |−⟩2 |+⟩A |0⟩3 + |1⟩1 |+⟩2 |+⟩A |1⟩3
CZ2,A−−−−→|0⟩1 |+⟩2 |0⟩A |0⟩3 + |0⟩1 |−⟩2 |1⟩A |0⟩3 + |0⟩1 |−⟩2 |0⟩A |1⟩3 + |0⟩1 |+⟩2 |1⟩A |1⟩3

+ |1⟩1 |−⟩2 |0⟩A |0⟩3 + |1⟩1 |+⟩2 |1⟩A |0⟩3 + |1⟩1 |+⟩2 |0⟩A |1⟩3 + |1⟩1 |−⟩2 |1⟩A |1⟩3
HAH2−−−−→|0⟩1 |0⟩2 |+⟩A |0⟩3 + |0⟩1 |1⟩2 |−⟩A |0⟩3 + |0⟩1 |1⟩2 |+⟩A |1⟩3 + |0⟩1 |0⟩2 |−⟩A |1⟩3

+ |1⟩1 |1⟩2 |+⟩A |0⟩3 + |1⟩1 |0⟩2 |−⟩A |0⟩3 + |1⟩1 |0⟩2 |+⟩A |1⟩3 + |1⟩1 |1⟩2 |−⟩A |1⟩3 ,

(19)

which is exactly the same as the result obtained by swapping the positions of 2 and A before last step.
A general proof that two Hadamard gates are equivalent to two LCs so that swap the roles of these two

qubits can be seen below (by Prof. Sun). Say we have a graph state as shown in Figure 8. Qubit a has only
one connection with qubit b, while b has multiple connections to 1, 2, . . . , n. Now we want to apply HaHb to
the state, and we want to see if the result is the same as swapping the positions of qubits a and b.

Figure 8: A more general case of swapping two qubits by applying two Hadamard gates.
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This procedure can be expressed mathematically as below.

|G⟩ =CZbn · · ·CZb2CZb1CZab(|+⟩a |+⟩b |+⟩1 |+⟩2 · · · |+⟩n)
HbHa−−−−→HbHaCZbn · · ·CZb2CZb1

[
1√
2
(|+⟩a |0⟩b + |−⟩a |1⟩b) |+⟩1 |+⟩2 · · · |+⟩n

]
=

1√
2
HbHaCZbn · · ·CZb2CZb1(|+⟩a |0⟩b |+⟩1 |+⟩2 · · · |+⟩n + |−⟩a |1⟩b |+⟩1 |+⟩2 · · · |+⟩n)

=
1√
2
HbHa (|+⟩a |0⟩b |+⟩1 |+⟩2 · · · |+⟩n + |−⟩a |1⟩b |−⟩1 |−⟩2 · · · |−⟩n)︸ ︷︷ ︸

using CZ |0⟩ |+⟩ = |0⟩ |+⟩, and CZ |1⟩ |+⟩ = |1⟩ |−⟩

=
1√
2
(|0⟩a |+⟩b |+⟩1 |+⟩2 · · · |+⟩n + |1⟩a |−⟩b |−⟩1 |−⟩2 · · · |−⟩n)

=
1√
2
CZan · · ·CZa2CZa1CZab(|0⟩a |+⟩b |+⟩1 |+⟩2 · · · |+⟩n + |1⟩a |+⟩b |+⟩1 |+⟩2 · · · |+⟩n)

=CZan · · ·CZa2CZa1CZab(|+⟩a |+⟩b |+⟩1 |+⟩2 · · · |+⟩n)

(20)

Besides, although the two Hadamard gates commute with each other, the two LCs don’t. This is not
surprising, because one single Hadamard gate is not equivalent to a single LC. So the swapping process needs
collaborative operations by the two Hadamard gates.

2 Deterministic generation of RGS

Generation of photonic graph states is challenging, since photons don’t interact with each other. So we
cannot use the next-neighbour interactions in lattice as proposed by [3]. There are two possible ways to
interact photons

• nonlinear interactions, i.e. via the mutual interaction of two qubits with matter;

• implemented with a combination of linear optical elements and measurement.

However, each of them has its own shortcomings. Nonlinear interaction has very weak effective interaction,
while the measurement is probabilistic, which means it will cost a pretty large overhead of resources. So we
are interested in new ways to generate large entangled photonic graph states, as will be discussed next.

2.1 Energy-level diagram

In order to reduce the overhead for generating graph states that we are interested in, we are specifically
interested in quantum emitters with level structure as shown below [15] [16]

Figure 9: Quantum emitter level structure for generation of graph states.
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The level structure consists of a degenerate spin-1/2 ground state manifold, with |↑⟩ and |↓⟩ being the
basis that are spin projection along z-axis. Optical transitions at frequency ω0 are possible only to a doubly
degenerate excited state manifold, |⇑⟩ and |⇓⟩, with Jz = ±3/2ℏ. Cross transitions are forbidden by selection
rules, so each of the two ground states couples to its own excited states, i.e. only transitions |↑⟩ → |⇑⟩ and
|↓⟩ → |⇓⟩ are allowed. Such transitions occur in quantum dots and color centers, which we will discuss later.

We only consider the emitted photons propagating along the z-axis, so the transition |⇑⟩ → |↑⟩ (|⇓⟩ → |↓⟩)
will emit a single σ+ (σ−) photon (? σ− (σ+)?).

2.2 Generation of graph state using a single quantum emitter

It was proposed in [16] that we can use an quantum emitter with the level structure as shown above to
generate photonic GHZ state, 1-dimensional cluster state, and a partial RGS.

2.2.1 Generation of GHZ state

We can simply repeatedly pump the emitter to generate a GHZ state. Suppose the initial state of the
quantum emitter is |↑⟩+|↓⟩, then a coherent excitation pulse with a linear polarization along x-axis is applied.
The pulse doesn’t necessarily propagate along z-direction, so we can easily separate the emitted light. Since
we can compose a x-polarized light into |σ+⟩ + |σ−⟩, the two emissions will happen in superposition, and
emitted photons will be entangled with the emitter. So after one pump, we can get a emitter-photon state
which is a Bell pair |B⟩00 = |↑, σ+⟩+ |↓, σ−⟩. Repeating this procedure, we can get a GHZ state

|GHZ⟩ = |↑, σ+, . . . , σ+⟩+ |↓, σ−, . . . , σ−⟩ . (21)

However, there exist two problems for this method to generate GHZ state

• It is difficult to disentangle the emitter from the photons if we want a all-photonic GHZ state;

• The GHZ state is highly vulnerable to decoherence.

These two problem will not happen for cluster states generated by a single quantum emitter.

2.2.2 Generation of 1D cluster state

To generate a 1D cluster state, we can firstly follow the same procedure as before, to generate a Bell pair
|↑, σ+⟩ + |↓, σ−⟩. Then we can apply a Hadamard gate to the emitter, which can be realized by a unitary
rotation along y-axis by π/2, i.e. e−iπY /4, and get (|↑⟩+ |↓⟩) |σ+⟩+ (|↑⟩ − |↓⟩) |σ−⟩. Then a second pulse is
applied and pump the emitter again, resulting in a state (|↑⟩ |σ+⟩+ |↓⟩ |σ−⟩) |σ+⟩+(|↑⟩ |σ+⟩− |↓⟩ |σ−⟩) |σ−⟩.
After a second Hadamard gate on the emitter, if we encode |↑⟩ and |σ+⟩ as |0⟩, and |↓⟩ and |σ−⟩ as |1⟩, then
the state after pumped twice is |000⟩+ |001⟩+ |010⟩ − |011⟩+ |100⟩+ |101⟩ − |110⟩+ |111⟩. Repeating this
procedure, we can generate a 1D cluster state chain. An equivalent quantum circuit is as shown in Figure 10.

Mathematically, we have

|Cluster⟩ = |0⟩e
He−−→ 1√

2
(|0⟩+ |1⟩)e = |+⟩e =⇒ A

C−NOTe,1−−−−−−−→ 1√
2
(|00⟩+ |11⟩)1,e =⇒ B

He−−→ 1√
2
(|0+⟩+ |1−⟩)1,e

=
1

2
(|00⟩+ |01⟩+ |10⟩ − |11⟩)1,e

= CZ1,e |+⟩1 |+⟩e =⇒ C
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C−NOTe,2−−−−−−−→ 1√
2
(|000⟩+ |011⟩+ |100⟩ − |111⟩)1,2,e =⇒ D

He−−→ 1√
2
(|00+⟩+ |01−⟩+ |10+⟩ − |11−⟩)1,2,e

=
1

2
√
2
(|000⟩+ |001⟩+ |010⟩ − |011⟩+ |100⟩+ |101⟩ − |110⟩+ |111⟩)1,2,e

= CZ1,2CZ2,e |+⟩1 |+⟩2 |+⟩e =⇒ E

C−NOTe,3−−−−−−−→ 1

2
√
2
(|0000⟩+ |0011⟩+ |0100⟩ − |0111⟩+ |1000⟩+ |1011⟩ − |1100⟩+ |1111⟩)1,2,3,e =⇒ F

He−−→ 1

2
√
2
(|000+⟩+ |001−⟩+ |010+⟩ − |011−⟩+ |100+⟩+ |101−⟩ − |110+⟩+ |111−⟩)1,2,3,e

= CZ1,2CZ2,3CZ3,e |+⟩1 |+⟩2 |+⟩3 |+⟩e =⇒ G

C−NOTe,4−−−−−−−→ . . . . . . =⇒ . . . . . .
(22)

Figure 10: A quantum circuit for generation of 1-dimensional cluster state using one single quantum emitter.

This procedure can, in principle, be repeated indefinitely, producing a continuous chain of photons in an
entangled linear cluster state. Besides, we can easily disentangle the emitter, by making a z-measurement
on the emitter, or on the most recently created photon.

2.2.3 Generation of partial RGS

Using this single emitter method, we can also generate large portions of photonic repeater states by
carefully choosing the application of Hadamard gates [12]. We can generate the completely interconnected
core photons, as well as two of the arms. Figure 11 is an example of partial N = 4 RGS generated by one
single emitter B.

The pumping and Hadamard gates sequence on the emitter can be chosen asMZHPHPHPPHPHPH |0⟩,
followed by single qubit X and Z measurement performed on the four core photons, Here, |0⟩ denotes one
of the ground states of emitter, H means Hadamard gate, P means pumping, and MZ means the final
z-measurement to decouple the emitter from the photonic state, and the effect of ZX gate is

ZX |0⟩ = − |1⟩ , ZX |1⟩ = |0⟩ ,
ZX |+⟩ = |−⟩ , ZX |−⟩ = − |+⟩ ,

(23)

and it can completely interconnect the four core photons (something similar to local complementation?).
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Figure 11: Partial N = 4 RGS with 4 fully interconnected core photons and only 2 arms.

So generally, we can apply a sequence MZHPHPHP
N−2HPHPH |0⟩ on the emitter, followed by single-

qubit X and Z gates on the N core photons, to generate a partial N -qubit RGS, with first and last photons
being the two arms and the rest being the fully interconnected core photons.

Then what about the rest (N − 2) arms? We can use the so-called ’fusion-based’ way [12] [15] [17].
A fusion-based way is a method to create a photonic graph state by combining existing Bell pairs via a
process known as "fusion" [18]. A joint Bell measurement is performed on two photons, each of which is
from different pairs, by passing them through a polarizing beam splitter which reflects only one mode of the
photons (horizontal, for example). When only a single photon emerges, a new graph is formed, which is the
result of fusing two original ones together, as shown in Figure 12.

Figure 12: Fusion-based approach. Qubits a and b undergo a joint Bell measurement, and c inherits all the
edges of a and b.

However, this fusion procedure is probabilistic, although this technique constituted a significant advance-
ment over prior experimental protocols. It has a high overhead in terms of resource requirements, especially
when it is applied for many times. While large graph states are needed for both quantum computation
and quantum communication, it will be prohibitively difficult to produce large graph states just using this
method. Up-to-date experiments have managed to achieve 10 entangled photons using this technique [19].

So although theoretically we can use this fusion-based method to complement the rest (N − 2) arms, the
overhead will be pretty large resulting from the probabilistic nature of this way.

2.3 Deterministic generation of RGS with the help of an ancilla

In the proposal in [12], D. Buterakos et.al. proposed a way to deterministically generate RGS, using one
single quantum emitter with the help of an ancilla, which does not itself need to be an emitter.

Here is the procedure. Suppose we label the ancilla as A and emitter as B, we use emitter to generate
each arm of the tree, and ancilla as the anchor and the root of the tree. Initially, we prepare the emitter and
ancilla both in |+⟩, then apply a CZA,B gate to couple them. Then the emitter is pumped twice to generate
two arms attached to the emitter. Then Hadamard gates are applied to the emitter and one of the photonic
qubit, say qubit 1 in the following figure, the positions of emitter and qubit 1 will be swapped, as we have
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discussed before. Then, we apply a z-measurement on the emitter to decouple it from the graph, so that we
get a branch with the ancilla as the root. We can repeat this procedure again and again to produce a tree,
say with 6 branches as shown in Figure 13 in our example. Finally, we apply a local complementation on
ancilla A and measure it, then the connection between A and corresponding core photons will be canceled,
while all the core photons will be fully connected. So we can get a RGS with N = 6. This whole procedure
can be summarized in Figure 13.

(a) (b)

(c)

Figure 13: Generation of N = 6 RGS. (a) Generation of the first branch; (b) Generation of the second
branch; (c) A local complementation is performed on A, and then A is measured.

A mathematical description is as follows, following the procedure in Figure 13.

MA︸︷︷︸
decouple A

local complementation︷ ︸︸ ︷
(ei(π/2)(Y+Z)/

√
2)A

N−1∏
n=0

(ei(π/2)(X+Y )/
√
2)2n+1 ∗

produce N branches︷︸︸︷
N−1∏
n=0

[ MB︸︷︷︸
decouple B

swap B and a core photon︷ ︸︸ ︷
H2n+1HB CZA,B︸ ︷︷ ︸

couple A, B

pump B twice︷ ︸︸ ︷
H2n+2PB,2n+2H2n+1PB,2n+1 HB ] ∗HA |0⟩︸ ︷︷ ︸

initializing B and A

=MA(e
i(π/2)(Y+Z)/

√
2)A

N−1∏
n=0

[(ei(π/2)(X+Y )/
√
2)2n+1H2n+2MBHBCZA,BPB,2n+2PB,2n+1HB ] ∗HA |0⟩ ,

(24)
which is formula (A1) in [12]. The last step uses the fact that an operation on one qubit always commutes
with the operations on others. Here we label the photons from 1 ∼ 2N , and use Hn to represent a Hadamard
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gate performed on the nth photon, and HA,HB the Hadamard gated applied to the ancilla and emitter,
separately. MA,MB means the z-measurement on ancilla and emitter, PB,n means the emitter is pumped
and emits the nth photon, CZA,B is the CZ gate applied to ancilla and emitter to couple them together.

Since CZ gates are the most difficult one to realize experimentally, we can further reduce the use of CZ
gates by choosing the ancilla being also an emitter itself. Then we can directly use the ancilla to generate
the first two and last two photons. Then our procedure becomes

MAH2N−1HAH2NPA,2NH2N−1PA,2N−1︸ ︷︷ ︸
use A to produce the last branch

∗

(ei(π/2)(Y+Z)/
√
2)A

{
N−2∏
n=1

(ei(π/2)(X+Y )/
√
2)2n+1

}
(ei(π/2)(X+Y )/

√
2)1︸ ︷︷ ︸

local complementation on A

∗

N−2∏
n=1

[MBH2n+1HBCZA,BH2n+2PB,2n+2H2n+1PB,2n+1HB ]︸ ︷︷ ︸
use B to produce central branches

∗

H1HAH2PA,2H1PA,1HA |0⟩︸ ︷︷ ︸
use A to produce the first branch

=MAHAH2NPA,2NPA,2N−1∗

(ei(π/2)(Y+Z)/
√
2)A

N−2∏
n=1

[(ei(π/2)(X+Y )/
√
2)2n+1H2n+2MBHBCZA,BPB,2n+2PB,2n+1HB ]∗

(ei(π/2)(X+Y )/
√
2)1H2HAPA,2PA,1HA |0⟩ ,

(25)

which is a little different from (A2) in [12] (?). To more intuitively see this procedure, we can also make a
figure similar to Figure 13, as shown in Figure 14.

Figure 14: Generation of N = 6 RGS if ancilla itself is an emitter.



Generation of photonic repeater graph states - part I 15

We can easily see that the number of CZ gates used is reduced by 2.
There is a crucial feature of this method: all the photons emitted are indistinguishable, which is an

important requirement for a quantum repeater (if our ancilla is itself an emitter which produces the first two
and last two photons, then we need to ensure the ancila and emitter have exactly the same level structure).
However, for different primary nodes in a quantum network, we use different quantum emitters, then the
photons from different nodes will not be indistinguishable, which is a problem for solid-state quantum
emitters. Maybe we should look for some emitters, for example special color centers, with a broad tunable
range of frequency?

This method can be generalized to the deterministic generation of arbitrary tree states. I am not quite
clear with the statement in [12], but my guess of the generation procedure is as follows. For example, we
want to generate a tree of depth d = 2 and with k = 6 arms, as the example in [12], we can begin with an
emitter pumped six times, producing 6 arms. Then this emitter is pumped one more time, and we apply
a CZ gate to the emitter and the ancilla, which is the "anchor". Next, we apply Hadamard gates to the
emitter and the last photon, which swaps the role of them. So one subtree is produced, and the last photon
is actually the node photon. We repeat this procedure for six times, and a tree as shown in Figure 15 is
produced.

Figure 15: Generation of a tree of depth d = 2 with k = 6 arms.

We can combine RGS with tree states to generate more complicated graph structure, as mentioned in [12].

In summary, this generation method has several prerequisites:

• The emitter must have the requisite level structure and selection rules;

• The emitters and ancillas can be coupled via CZ gates;

• The emitted photons can be indistinguishable, both at different nodes and at the same node, over the
time it takes to generate the RGS;
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(a) (b) (c)

Figure 16: Encoded RGS with (a) depth-one tree, (b) depth-two tree and (c) more complicated subtrees.

• The extraction efficiency of the photons from the emitter can be high;

• The setup is able to incorporate coupling to fibers, in order to transmit photons to remote nodes with
high fidelity;

• The photons can be generated at high rates.

2.4 Generation of RGS using quantum dots and color centers

2.4.1 Modified RGS

In order to physically realize the proposal above, there are two candidates: quantum dots and color
centers, as discussed in [15]. The main challenge in experimental realization of the protocol is how to apply
a CZ gate. Actually, for quantum repeaters, we can alternatively use a modified RGS, whose core photons
are not fully connected but almost fully connected. The generation protocol of a modified N = 6 RGS is
figured and described as follows.

Suppose we have two emitters, marked as yellow and red nodes in Figure 17, and we denote them as Y
and R separately, then the procedure is

(a) Both Y and R are pumped twice to produce a 1D chain, separately. Then Y is pumped a third time,
and a CZ gate is applied to the two emitters;

(b) Hadamard gates are applied to Y and the last photon produced by Y, so from our former discussion,
this is equivalent to local complementations on Y and the last photon, which swaps their positions;

(c) Y is alternatively pumped and Hadamard rotated five times to produce a 1D cluster state chain. The
third photon (top one) is then z-measured so that decoupled to the second and fourth photons. Then
Y is pumped for one more time to produce the photon at lower right corner. Lastly another CZ gate
is applied to Y and R;

(d) Hadamard gates are applied to Y and the last produced photon to swap them;

(e) Y is pumped to produce a 1D chain of length two, and then measured so that disconnected. R is pumped
once;

(f) Hadamard gates are applied to R and the last photon produced by R in (e), so that they two are swapped;

(g) LCs are performed on the two corner photons, and then they are measured in z-basis. R is pumped to
produce a 1D chain of length two and then disconnected;
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Figure 17: Generation of a modified N = 6 RGS.

(h) A LC is performed on the core photon and then measured in z-basis to disconnect.

The resulting modified RGS only misses two arms, as marked with red dashed lines, but will not influence
its function in the use for quantum repeaters [15].

2.4.2 Quantum dots

Quantum dots have the desired energy-level structure, and high spontaneous emission rate and robust
selection rules [20]. We can use a stacked double quantum dot with one electron in each dot to experimentally
realize the emitter and ancilla, as shown in Figure 18.

From the protocol described before, we only need three operations: pumping, Hadamard gate, and CZ
gate, besides other simple single-qubit operations. The Hadamard gate can be implemented by the magnetic
field orthogonal to the growth direction. For the CZ gate, since the two electron spins are tunnel coupled via
exchange interaction J , this always-on exchange coupling between two spins in vertically stacked quantum
dots combined with single-qubit gates can generate the required CZ gate.

2.4.3 Nitrogen-vacancy color centers

Negatively charged NV centers in diamond also has the desired level-structure with no magnetic field,
and extremely long spin coherence times. In addition, there are highly stable nuclear spins, 13C isotopes, in



Generation of photonic repeater graph states - part I 18

Figure 18: A stacked double quantum dot.

diamonds, which allow for hyperfine interaction with the NV spin in close proximity. So the required CZ
gate can be realized.

NV centers in diamonds have two degenerate spin states Sz = ±1 at zero B field and we can choose two
of the several excited states with proper quantum numbers to fulfill our level structure requirements. There
is another ground state with Sz = 0, and since NV has long spin coherence time, the ground state can be
used to implement single-qubit operations.

The 13C nucleus has a nuclear spin I = 1/2, which can be used as the ancilla. The hyperfine splitting is
much small then the zero-field spitting EZFS , so the energy level of the coupled system of NV and nucleus
can be shown in Figure 19, where A means the hyperfine splitting, |E+⟩ , |E−⟩ , |1⟩ , |1̄⟩ , and |0⟩ denote the
NV states, and |↑⟩ , |↓⟩ denote the nuclear states. The decay from excited states to |1⟩ and |1̄⟩ have different
polarizations guarenteed by selection rules.

Figure 19: Energy-level structure of NV centers in diamond coupled to 13C nucleus.

We can apply a micro-wave π/2 pulse to realize a Hadamard-type gate H ′ = 1√
2

(
1 −1
1 1

)
to drive the

transition |0⟩ ↔ 1√
2
(|1⟩+ |1̄⟩), discarding an overall phase.

To realize the CZ gate which entangles the NV spin with the nuclear spin, we can firstly prepare the
nuclear spin in the state (|↑⟩+ |↓⟩)/

√
2 [21], and then apply a right-circularly polarized microwave pulse to
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drive the transition |0, ↓⟩ ↔ |1, ↓⟩ to implement a CZ gate if no competing transitions. This can be shown
in Figure 20.

Figure 20: A nearby 13C nucleus can be used as an ancilla, and Hadamard gates and CZ gates can be
implemented by mocrowave-pulse driving.
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Appendices

A Circuit-model quantum computation

To be completed.

B Cluster state quantum computation

To be completed.

C Teleportation based quantum computation

To be completed.
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